We give an algebraic proof of the Birman᎐Bers theoremᎏan algebraic result whose previous proofs used topology or analysis, and which says that a certain Ž . subgroup of finite index in the algebraic mapping class group of an oriented punctured surface is isomorphic to a certain group of automorphisms. The index 2 case gives rise to an automorphism of the group consisting of those automorphisms of a free group that stabilize the normal subgroup generated by an oriented-surface relator, and we analyze this curious automorphism. ᮊ 1997 Academic Press
1. INTRODUCTION 1.1. Notation. Let G be a group. For a subset X of G, X " 1 will denote the set consisting of the elements of X and their inverses.
Let a, b, c be elements of G. The product of a and b will be denoted by w x y1 y1
Ž . ab and also by a и b. We write a, b to denote aba b and write a b to denote aba y1 . This latter notation is too standard for us to alter, but it gives rise to ambiguities, so we make the convention that juxtapositions are to be performed first, followed by the bracketing operation, followed by Ž .
y1
Ž .
y1 y1
the dot multiplications; thus a и b c s abcb and ab c s abcb a . w x We write a to denote the conjugacy class of a in G, so if G is a free w x group with a specified basis, a is viewed as a cyclic word in the basis.
We use the same symbol a to denote both the group element and the Ž . inner automorphism a ᎏ of G; the correct interpretation should be clear from the context.
Ž . The group of automorphisms of G will be denoted Aut G , and the Ž . subgroup of inner automorphisms will be denoted Inn G . The latter is isomorphic to G modulo its center, which we denote GrCtr. When the center of G is trivial, we will tend to identify the foregoing groups with G, and, again, the interpretation will be clear from the context. In all our applications, GrCtr will be either G or trivial.
Throughout this article, g and n will be nonnegative integers, and g, n will denote the integer 2 y 2 g y n.
DEFINITIONS. We write w x w x
⌺ s x , y , . . . , x , y , z , . . . , z x , y иии x , y z иии z s 1 , ¦ ;
the fundamental group of an orientable closed surface of genus g with n Ž . punctures, which we call a g, n -surface. This surface has Euler characteristic and if n G 1, then ⌺ is a free group of rank 2 g q n y 1 s In a natural way M M C C maps onto the symmetric group on n letters, and g, n Ž the kernel is a normal subgroup of index n! called the pure or unper-. muted mapping class group, denoted Ž .
ž / g , n g , n 1 n g , n Ž . Ž . Our aim is to prove that, except in the degenerate case g, n s 0, 1 , ž / g , n q 1 g , n q 1 1 n q1 g,n q1
ž / g , n 1 n Ž . w x The case g s 0 of 1 is due to Magnus 13 , and the case n s 0 is due to w x Ž . Dehn and Mangler 14 . Topological and analytic analogues of 1 were w x w x proved by Birman 3 and Bers 2 . Invoking the subsequent identification w x by Maclachlan and Harvey 12 of the algebraic and topological mapping class groups, we can express Birman's homotopy-fibration exact sequence w x 3 in the form
Ž . Ž w x . which can be viewed as another way of stating 2 see 3, Section 3 , and w x Ž . Ž . we can express Bers' result 2, Theorem 10 in the form 1 . The form 1 w x was first explicitly stated by Maclachlan 11, Corollary 8 . Our main claim Ž . is to give a purely algebraic proof of 1 . We do this by constructing and Ž . analyzing the kernel that appears in 3 , a normal subgroup which has played a part in the calculation of presentations of mapping class groups in w x w x the work of McCool 16 and Wajnryb 20 .
Ž .
In Section 2, we briefly discuss the isomorphism 1 from a topological viewpoint. In Sections 3 and 4, we give the algebraic proof. Notice that
since, in a nonabelian free group, a basis element generates its own centralizer; also Thus we have an isomorphism
There is also a natural map of itself is an automorphism. In Section 5, we consider the embedding of
which produces an image of the symmetric group S in the outer nq 1 Ž . w x automorphism group of the groups in 2 . Results of Ivanov 8 show that if F y2, then this image is the whole outer automorphism group. We g, n study the way in which a specific transposition of S acts on
, . . . , z . In consequence, we obtain an explicit free g, n 1 n generating set of the kernel of the surjective map w x w x w x w x
for each n G 1. For n s 1, the action of the transposition completely Ž w x "1 . describes the outer automorphism group of Aut ⌺ , z , the group g, 1 1 consisting of those automorphisms of the free group ⌺ that stabilize the g, 1 normal subgroup generated by the oriented surface relator z . The outer 1 automorphism group is trivial for g F 1 and has order 2 for g G 2.
THE TOPOLOGICAL VIEWPOINT
In this section we give a vague idea of how the topologists view the group isomorphism that we shall prove algebraically over the two subsequent sections.
Recall that the topological mapping class group T T M M C C is the group of g, n Ž . isotopy classes of homeomorphisms of the g, n -surface. It is convenient Ž . to think of the g, n -surface as a surface of genus g with n distinguished points, so that we can refer to homeomorphisms ''permuting the punctures.'' Ž . Let us choose a distinguished point p on a g, n -surface, and take ⌺ g, n to be the fundamental group with respect to this base point. By a Ž . p-homeomorphism of the g, n -surface we shall mean a homeomorphism which fixes p. In a natural way, a p-homeomorphism determines an element of
and hence an element of M M C C .
g, n
Dehn showed that every isotopy class contains a p-homeomorphism, and that two p-homeomorphisms lie in the same isotopy class if and only if they have the same image in M M C C . Hence there is an injective homomor-
Harvey, Maclachlan, and others culminated in a proof that this map is w x surjective; see 12 . Thus, the algebraic and topological mapping class groups can be identified with each other.
Two p-homeomorphisms are said to be p-isotopic if there is an isotopy w x through p-homeomorphisms between them. Epstein 7 showed that two p-homeomorphisms are p-isotopic if and only if they determine the same automorphism of the fundamental group. Together with the results de-Ž scribed in the previous paragraph, this implies that Aut ⌺ ,
. . , z can be identified with the group of p-isotopy classes 1 n Ž . of p-homeomorphisms of the g, n -surface.
Ž . Ž . If we now delete p from the g, n -surface, we get a g, n q 1 -surface with a distinguished puncture, and there is a natural bijective correspon-Ž . dence between p-homeomorphisms of the g, n -surface and homeomor-Ž . phisms of the g, n q 1 -surface that fix the distinguished puncture. Moreover, two p-homeomorphisms are p-isotopic if and only if they determine Ž . isotopic homeomorphisms of the g, n q 1 -surface.
Ž . This gives the topological interpretation of the isomorphism 1 . Modulo identifying the algebraic and topological mapping class groups, Bers' w x article 2 gives two interpretations of the isomorphismᎏone topological and one analytic.
BIRMAN'S NORMAL SUBGROUP
Recall that n is a nonnegative integer.
3.1. DEFINITIONS. Throughout this section, ⌺ will denote a finitely Ž . generated free group with a specified finite basis X. Thus the elements of ⌺ are thought of as reduced words in X " 1 , and we use terms such as ''subword,'' ''cyclically reduced,'' etc., without explicitly mentioning X. Žw x w x . Let t , . . . , t , t be nontrivial elements of ⌺ and let T s t , . . . , t , t . Ž . In a natural way Aut ⌺ acts on T T. Ž .
For any T, U g T T = T T, we let
Ž . Ž . and we let G G denote the disjoint union of the G G T, U , as T, U ranges over T T = T T. Each element of G G has, associated with it, an element of Ž . Aut ⌺ , called the underlying automorphism, and we write ␣ : T ª U to Ž . denote an element of G G T, U that has underlying automorphism ␣. In a Ž . natural way, the group structure of Aut ⌺ induces on G G a groupoid structure, with vertex set T T.
Žw x w x . Notice that for any T s t , . . . , t , t g T T,
Ž .
1 n An element ␣ : T ª U of G G is said to be a signed permutation if ␣ permutes the elements of X " 1 . Notice that ␣ commutes with the inverting operation.
An element ␣ : T ª U of G G is said to be a Nielsen shift if there are
In this event we say that ␣ : T ª U is a right, resp. left, Nielsen shift. Since ␣ is an automorphism, z / y y1 . Conversely, if we have T g T T and y, z g X " 1 such that either y $ z / y y1 or y y1 / z $ y, then there
exists an automorphism ␣ that acts trivially on X y y such that Ž .
Ž . ␣ y s yz, and then ␣ T g T T. . Now let us pass to a free group of larger rank by adding one more free Žw x w x . generator u and associate with each element t , . . . , t , t of T T, the 1 n Žw x w x w x. sequence t , . . . , t , ut of cyclic words in the new, larger, free group.
1 n w x w x As in the proof of 15, Lemma 2 , by applying 15, Lemma 1 to the action on such sequences of cyclic words of automorphisms that fix u, we see that G G is generated by those elements ␣ : T ª U whose underlying automorphisms are Whitehead automorphisms. If ␣ is of the first type, then ␣ : T ª U is a signed permutation. If ␣ is of the second type, then ␣ : T ª U can be written as a product of Nielsen shifts by a simple w x inductive procedure; see 17, Corollary 3 .
In this section we will use angle brackets and a semicolon to denote a pairing, which we hope will not be confused with the usage in the other sections where angle brackets with no semicolons are used to denote groups generated by presentations, and subgroups generated by sets.
We define
T Ž . Notice that T plays two roles here, since x -y is a power of the last
entry of T. We would have preferred to use the notation t , but this . would have complicated our formulas even more. We also define
T For each w g ⌺, we will eventually construct an element
To begin, for each x g X , we define x; T to be the endomorphism of ⌺ such that
1 n
Proof. Consider any y, z g X y x such that yz or yxz or yx z occurs in T.
² : By construction, x; T sends y to an expression of the form ayb, where ² : a,b are expressions in x, t. Hence x; T acts on a word or cyclic word by inserting, between each pair of adjacent letters, an expression in x and t. 
If yxz occurs in T, then y $ x y1 and x $ z y1 , and between y and z,
The argument is similar if yx y1 z occurs in T. Thus the n cyclic words of ² : T are fixed by x; T .
If z is the first letter in t and y is the last letter, then z y1 is the least element and y is the greatest element in the -ordering. The foregoing
The same result holds if x " 1 is the first or last letter of t, since x is fixed.
T fixes x and t, it is not difficult to see that x; T is bijective and ² y1 : ² : that x ; T is its inverse. Thus ᎏ; T can be extended to a homomorphism ² :
Ž . . ŽŽ y1 y1 .Ž y1 .. the last entry in U and u s z -z r z -y y -z .
In i , we can take m s y1 or 0, depending as the permutation that carries the sequence z y1 , y y1 , z into its correct T-ordering is even or odd, respectively.
Ž . w-y
Notice also that
Ž . We can now verify i by considering three cases: .
Also, Ž .
:. ² :
" 1 Ä 4 "1 Thus ␣ z; T and z; U agree on y, on z, and on X y y, z , Ž . so are equal. This proves ii .
Ž . Finally, we prove iii in the same way:
Ž . ŽIf ⌺ is not abelian, the integer m is uniquely determined by ␣ : T ª U . and x, since no positive power of u is central.
Proof. It follows from McCool's Lemma 3.2, that it suffices to consider the case where ␣ : T ª U is a signed permutation or a Nielsen shift.
The result is clear for a signed permutation, and here m s 0. Thus we may assume that ␣ : T ª U is a right or left Nielsen shift. The case of a right Nielsen shift is covered by Lemma 3.6, and here m s 0 or y1. The case of a left Nielsen shift is quite similar, and is converted to a right Nielsen shift if we invert the elements of T, U. This completes the proof.
Open Problem.
What is the topological significance of the integer m occurring in Theorem 3.7? We have not been able to extract any useful information from this invariant, but we suspect it must have applications.
We have now proved the main result of this section, which originally w x came from topological results of Birman 3 , and Maclachlan and Harvey w x 12 , which in turn depended on results of Dehn, Nielsen, and others. Our proof is algebraic, since it is based on the above result of McCool. 
² Ž . :
Proof. This is immediate from Theorem 3.7, since ␣ x ; T does not depend on the order of the cyclic words in the sequence T. For 1 F i F n, we write p s x , y , so z s p иии p z иии z .
Let N denote the normal subgroup of ⌺ generated by z , and
. It is readily verified
that T lies in the set T T described in Definition 3.1. The T-ordering on X " 1 of Definition 3.1 will be denoted -for the purposes of the current definition. Thus
, we denote by w the automorphism w; T of nq 1, g Definition 3.5, so we have a homomorphism
Let us record the following, after which we will no longer need T nor the T-ordering:
A straightforward but tedious calculation shows that ¡z p z w , for w s x , y , . . . , x , y , Ž .
Let us also record the only case of Corollary 3.9 that we shall use.
g, nq1 nq1
In the following statement we use Fix to denote the fixed subgroup of an automorphism and ␦ to denote Kronecker's delta.
Proof. It follows from the formulas in Definition 4.2 that and G s x , y , . . . , y , z , . . . , z , z z , . . . , z z .
Thus we have a free product decomposition ⌺ s G )G and we
Since z s g y1 g has length exactly 2 with respect to the free product 
Similarly, it follows from Definition 4.2 that
. We will not be using thiŝ nq 1 i n q 1 particular fact later, but have included it for completeness.
Recall that N denotes the normal closure of z in ⌺ and that
Proof. We have
Using the descriptions ¡z z w , for w s x , y , . . . , x , y , z , . . . , z , Ž . . Now N is the normal subgroup of ⌺ generated by the central
4.6. DEFINITIONS. We have a natural homomorphism
and hence an induced homomorphism
since N is stabilized by maps which fix or invert z .
Let us consider the composite of the latter map, with the map
It is immediate from the formulas in Definition 4.2 that this composite Ž . carries each element of X to the corresponding element of Inn ⌺ . infinite cyclic. Thus we have a presentation
which is the universal central extension of ⌺ . We now come to the delicate algebraic proof of a theorem, which w x w x w x Birman 3 , Bers 2 , and Maclachlan 11 obtained using topology and analysis. 4.9. THEOREM. The homomorphism Thus, in proving surjectivity, we may assume n G 1. Since the inner automorphisms lies in the image, we may assume that ␤ fixes or inverts z . Let us identify ⌺ with the free factor of ⌺ generated by
that acts on the free factor ⌺ as ␤ and sends z to z or z z z , g, n n n nnn depending as ␤ fixes or inverts z , respectively. This fixes or inverts z , any i g 1, . . . , g . We have Let ⌺ rM be the quotient group in which z is made central.
Then y1 y1 and fixes the p and the z . Thus we may assume that ␣ fixes the p and ² :
Ž . w x Nielsen 19 says that ␣ must then be an inner automorphism, and since it fixes z , it must be a power of z , as desired. This result of Nielsen is quite 1 1 simple to prove, once one knows yet another result of Nielsen, McCool's generalization of which was used in the preceding section, that the auto-² < : Ž . Ž y 1 . morphism group of F s x, y is generated by y, x , x , y , Ž " 1 . Ž "1 . xy , y , y x, y .
Since FrN is abelian, every inner automorphism of F acts trivially on FrN, and we want to show, conversely, that any automorphism which acts trivially on FrN is inner. We can work modulo the group F of inner automorphisms. Notice that Ž . expressed as a free product with amalgamation over the infinite cyclic w x group generated by x , y in which one of the factors is the free group on x w x inverts the relator z s x , y иии x , y . 
